Excitation energies, term designations, g factors, transition rates, and lifetimes of U 2+ are determined using a relativistic configuration interaction (CI) + linearized-coupled-cluster (LCC) approach. The CI-LCC energies are compared with CI + many-body-perturbation-theory (MBPT) and available experimental energies. Close agreement has been found with experiment, within hundreds of cm −1 . In addition, lifetimes of higher levels have been calculated for comparison with three experimentally measured lifetimes, and close agreement has been found within the experimental error. CI-LCC calculations constitute a benchmark test of the CI + all-order method in complex relativistic systems such as actinides and their ions with many valence electrons. The theory yields many energy levels, g factors, transition rates, and lifetimes of U 2+ that are not available from experiment. The theory can be applied to other multivalence atoms and ions, which would be of interest to many applications.
I. INTRODUCTION
Atomic properties of actinides, such as energy levels, are needed in many applications, from nuclear forensic to industrial uses to quantum chemistry calculations. In particular, energies of actinide ions are needed for calibration of model potentials in chemical calculations of molecules containing actinide atoms used to reduce large full Hilbert space [1, 2] . In addition to being of practical interest, actinides are an intriguing research subject, since they are considered among the most complex atoms that pose several challenges. First, relativistic effects are important and have to be treated consistently. Second, actinides have many valence electrons, including those in the f shell, that generate a very large number of possible states, and valence-valence interactions between these states have to be treated in all orders, for example with the configuration-interaction (CI) method. Finally, valence-core interactions are also strong, as will be evident below from differences between experimental and 2nd-order many-body perturbation theory (MBPT) single-electron energies in U 5+ ion, and the CI + 2nd-order MBPT approach can be inaccurate. Thus more elaborate approaches, such as CI + all-order, may be required. The study of the U 2+ ion is important for developing theory for more complex actinide ions since the valence CI space contains only configurations with four elections in our method and can still be saturated. From the point of view of testing the theory, many experimental U 2+ energy levels are available to gauge the precision of the theory; in addition, substantial gaps in experimental data exist that can be filled with the theoretical calculations, provided theory is proved to be satisfactory.
Because of the aforementioned challenges, there were no reliable ab initio or semiempirical calculations of U 2+ energy levels reported in the literature. An early attempt to estimate a few energy levels was made by Brewer [3] using trends in energies of different actinide atoms. It was estimated that the ground state was the odd 5f 3 6d 5 L6 and the first even state 5f 4 5 I4 had energy 1000 ± 1000 cm −1 from the ground state. Considering the uncertainty, either of these states could have been the ground state. Palmer and Engleman [4] used the predictions by Brewer [3] to assign labels to two of the lowest states: 5f 3 6d ( 4 I ) 5 L 6 to the ground state and 5f 3 6d ( 4 I ) 5 K 5 to the next odd state. Experimentally many actinide ions are difficult to deal with and the available data are generally limited to only energy levels. Few data for transition rates or lifetimes are available for actinides. Spectroscopic measurements of lines in discharges, where different stages of ionicity coexist and many levels are simultaneously excited, were converted to energy levels using a fitting procedure. The assignment of labels was done using a parametric method following the Slater-Condon method [5, 6] . Apart from the problem of level identification, some effort was focused on calculations of ionization potentials with the approach of model potentials and pseudopotentials [7, 8] , which are widely used in quantum chemistry. As it is evident from the literature search, data for multiple-charge actinide ions is scarce, and there is a great need for developing an ab initio approach, such as described in this paper.
Recently, atomic properties of the neutral thorium and its ions were evaluated by Safronova et al. [9] . Excitation energies, term designations, and g factors of Th, Th + , and Th
2+
were determined using a relativistic hybrid CI + linearizedcoupled-cluster methods (LCC) [10] . F 2 ; its experimental energies are compiled in the recently updated website [11] . In the case of Th-like uranium, U 2+ , the experimental data are quite old and less complete [4, 12] . The 5f 4 5 F 4 level was determined to be the ground state of U 2+ [12] , but level identification was not presented and only odd-parity states were referenced. The low-lying valence  configurations of Th and Th-like U are very different, with dominant even configurations being 6s  2 7s  2 and 6d  3 7s in Th  and 5f 4 and 5f 2 6d 2 in Th-like uranium. Large correlation effects for systems with nf electrons were discussed by Safronova et al. [13] . For example, the correction due to high partial waves is largely determined by a number of nf electrons in a configuration [13] .
In the present paper, we evaluate energies of U 2+ using the CI + LCC approach. The energies of odd-and evenparity complex states with J = 0-7 were evaluated. Each complex includes 12 states, which gives together 192 states. Electric-multipole matrix elements (E1, E2, and E3) and magnetic-multipole matrix elements (M1, M2, and M3) were calculated. We use these matrix elements to evaluate transition rates, oscillator strengths, and lifetimes.
II. CI + MPBT APPROACH
It is known that it is important to consider valencevalence interactions using the nonperturbative CI method, while weaker valence-core interactions can be included using pseudopotentials or many-body perturbation theory. Recently, we have studied the Si atom [14] , which has corrections beyond the 2nd order quite small, much smaller than missing corrections from incomplete valence-valence CI space. However, in the current case of U 2+ , it appears that the 2nd order is not sufficient, with errors from the omission of higher-order corrections on the order 1000 cm −1 . In the present study, we find that by scaling correlation corrections, especially the single-electron part with l = 0, much better agreement can be achieved. Thus we include CI-scaled MBPT energies for comparison with experiment and CI-LCC calculations.
A CI-MBPT method developed for open shell atoms with multiple valence electrons is used in the current calculations (see, for example, Ref. [15] ). The effective CI-MBPT Hamiltonian for U 2+ is split into two parts:
The one-electron contribution
in addition to the V N−4 DHF potential contains the valence electron self-energy correction, 1 [16] . In the current CI-MBPT program, the self-energy correction is calculated with the 2nd-order MBPT. The two electron Hamiltonian is
where 2 is the term accounting for Coulomb interaction screening arising from the presence of the core [17] . In the CI-MBPT calculations, the screening is calculated to the 2nd order.
To understand the valence-core effects, we compared monovalent U 5+ energies calculated with the 2nd-order MBPT and the LCC method with experiment in Table I . As expected, the agreement with experiment is better for the LCC method. More specifically, the accuracy for the 7s and 7p states is worse than 1000 cm −1 in the case of MBPT, while the LCC method gives deviations less than 1000 cm −1 , except for the 7p 3/2 state. Since low-lying U 2+ levels do not contain substantial contributions from the 7p states, it is expected that the accuracy of the CI-LCC approach for these levels would be on the order of 500 cm −1 . In the case of the CI-MBPT method, because the contribution from the 7s state is significant and the error of MBPT for this state is as large as 3000 cm −1 , the expected accuracy of CI-MBPT will be on the order of 1000 cm −1 . To amend this, we introduced scaling factors in front of 1 in our calculations to correct single-valence MBPT energies and 2 to correct Coulomb screening to higher orders. We find, indeed, that results improve substantially, especially after scaling of 1 for the s wave to account for the 7s state energy shift, and the agreement approaches that for the CI-LCC method.
III. CI + LCC METHOD
In the CI + LCC approach introduced in Ref. [19] , corrections to the effective Hamiltonian 1 and 2 are calculated using a modified version of the LCC (all-order) method with single and double excitations (LCCSD) described in Refs. [20, 21] . As a result, the effective Hamiltonian contains dominant core and core-valence correlation corrections to all orders. The main issue is to efficiently calculate the LCC correction to 2 (ij kl).
The implementation of this approach proceeds as follows.
(1) The 2nd-order corrections 1 and 2 to the effective Hamiltonian are calculated in the same way as in the CI + MBPT method.
(2) The single-double (SD) LCC calculations are carried out for Rn-like U 6+ core with 24 subshells. Single and double excitations are allowed from all 24 core subshells.
(3) Using the core LCC results, the single-double (SD) core-valence calculations are carried out for 21 valence states: 7s-9s, 7p 1/2 -9p 1/2 , 7p 3/2 -9p 3/2 , 6d 3/2 -8d 3/2 , 6d 5/2 -8d 5/2 , 5f 5/2 -7f 5/2 , and 5f 7/2 -7f 7/2 . Core excitations are also allowed from all 24 core subshells. The LCC method is modified to exclude the valence diagram that will be later accounted for by the CI. This part of the calculation produces the 1 and 2 (ij va) quantities, where i and j can be any excited state, a are core states, and v are the 21 states on the above list.
(4) The 2 (ij vw) corrections to the CI Hamiltonian are calculated, with w also taken from the above valence list. We have tested that restricting the LCC calculation to 21 valence electrons results in sufficient numerical accuracy. We note that the remaining 2 (ij kl) elements are still corrected in 2nd order. More details of the CI + LCC approaches are described in Ref. [19] . All of the 2nd-order and the LCC calculations include partial waves with l = 0-6. (5) The CI method [22] is then used to treat valencevalence correlations, with the CI code modified to include the effective Hamiltonian constructed as described above. The CI space includes configurations with four valence electrons in our approach and is constructed as described, for example, in Ref. [23] . Briefly, we start with 5f 4 , 5f 3 6d, 5f 3 7s, 5f 3 7p, 6d 2 5f 2 , and 6d5f 2 7s configurations and allow up to two replacements of any of the configuration electrons to the set of 13s12pdfg orbitals to construct the configurations for the CI calculation.
The CI + LCC method was used to evaluate properties of atomic systems with two to four valence electrons [24] [25] [26] [27] [28] [29] [30] . This method was also used to calculate atomic properties of the superheavy elements No, Lr, and Rf by Dzuba et al. [31] . The 7s 2 and 7snl states were considered for nobelium atoms, the 7s 2 6d, and 7s7p6d states were considered for lawrencium atoms, and the 7s 2 6d 2 , 7s 2 7p6d, and 7s7p6d 2 states were considered for rutherfordium atoms [31] .
The CI + LCC method was used to calculate energies in Ce, Ce + , La, Ce 2+ , and La + , respectively [13] , and to study various correlation corrections in these systems. The differences between neutral and low-ionized systems were considered. The ground states in Ce 2+ and La + are 4f 2 3 H 4 and 5d 2 3 D 2 instead of the usual the ns 2 1 S 0 ground state in Pb 2+ [24] , Tl + [25] , and Si 2+ [26] .
IV. RESULTS

A. Excitation energies in U 2+
Excitation energies for the lowest states of U 2+ are presented in Tables II and III . To save space, we list results in Table II for only 96 states instead of the 192 states that we included in our calculations. We presented results for J = 4, 5, 6, and 7 even-and odd-parity states in Table II . The results are ordered by energy within each J for both even and odd states. Since the ground state is the odd J = 6 state in our calculations, we list the J = 6 set of odd states first, and list the J = 4, 5, and 7 odd results below.
The g factors were also evaluated and compared to nonrelativistic (nr) values of g factors given by Eq. (4) for identification of the LS terms:
where J is total angular momentum of the atom, L is its angular momentum, and S is the spin (J = L + S).
Our results give the odd ground state 5f 3 6d
3 K 6 instead of the even 5f 4 5 I4 state listed as a ground state in Ref. [12] . The energy level of the 5f 4 5 I4 level relative our ground 5f 3 6d
state is 1846 cm −1 . Table II data are all counted from the  ground 5f  3 6d 3 K 6 state. In order to provide comparison with Ref. [12] in Table III , we count the energies of odd and even states from the corresponding lowest levels, 5f 4 5 I4 for evenparity states and 5f 3 6d
3 K 6 for odd-parity states. We added 210 cm −1 to the odd states to align theoretical and experimental levels with respect to the 5f 3 6d
3 K 6 level. Our and Blaise and Wyart's [12] assignments of configurations and LSJ parameters are shown in separate columns. Some of the energy levels listed in Ref. [12] are only identified by the total angular momentum J and not by a complete LSJ term designation. Such designations are always approximate and sometimes ambiguous, as in cases of strong configuration mixing.
Note that 5f 4 ,5f 2 6d 2 and 5f 3 6d,5f 3 7s are dominant configurations for even-and odd-parity states, respectively, among the considered levels.
We find that CI + LCC calculations are in very good agreement with experiment (see Table III ) considering the complexity of this ion for theory. More specifically, in most cases for odd states, the deviation was a few 100 cm −1 out of 10 000 cm −1 , but four levels had differences exceeding 1000 cm −1 . The experimental data for even states are fairly incomplete; nevertheless, because of large spacing between theoretical levels and the established accuracy for the odd states, the comparison can be also done for even levels, confirming the experimental levels. In addition, the CI-LCC calculations provide many missing energy levels. This information can be used for the experimental search of these levels and for the analysis of lifetimes requiring branching ratios data. The deviation from experiment in even states is more or [7] less similar. Levels with unusually large deviations might need additional theoretical and experimental verification. The CI-MBPT method requires adjustments of scaling factors in front of 1 and to a lesser extent in front of 2 to approach the accuracy of the LCC approach, with the most important being the adjustment of the s-wave correction of 1 , as we have already discussed. The comparison with CI-MBPT calculations serves two purposes. One is to understand the strength of valence-core interactions needed to estimate theoretical accuracy. Second, it is important to answer the question of whether the CI-MBPT method, as much simpler and now available as open source software [23] , can be used for calculations of actinide properties. Although such calculations require adjustments of correlation corrections, such adjustments improve agreement and simplify identification. The situation is similar to that with the Cowan code; however, in contrast, the number of adjustable parameters is much smaller.
B. Multipole matrix elements, transition rates,
and lifetimes in Th-like U
2+
We evaluated 3024 E1, M2, and E3 matrix elements that included transitions between even-parity states with J = 0 to J = 7 and odd-parity states with J = 0 to J = 7. As we noted above, we calculated 12 even-and odd-parity states for each of the J = 0-7. Therefore, each set of matrix element calculations between J and J sets includes 144 transitions, with 21J − J cases. We also evaluate multipole M1, E2, and M3 matrix elements for 64 transitions inside of even-parity (5f 4 + 5f 2 6d 2 ) sets of states. Such large numbers of transitions are needed for the evaluation of lifetimes. Our CI + LCC results for the multipole matrix elements Z CI+LCC , oscillator strengths f , transition rates A r , and lifetimes τ CI+LCC in Th-like U 2+ are listed in Tables IV, V , VI, and VII. Results for the effective multipole operator include random phase approximation (RPA) corrections. The code packages for the calculation of matrix elements and RPA correction to the matrix elements are the same for CI + MBPT and CI + LCC approaches and are described in detail in Ref. [23] . The expected accuracy for strong transitions, evaluated from the accuracy of transition energies, is on the order of 10%. The package has only length form output for the electric-dipole transitions, so the difference between length and velocity forms cannot be used for testing the accuracy of the matrix elements.
The multipole A Ek r (E1, E2, and E3) and multipole A Mk r (M1, M2, and M3) transition probabilities (s −1 ) are obtained in terms of matrix elements Z Ek and Z Mk (a.u.) and transition energies E (a.u.) as
052516-6 Table V and the other two tables with results for lifetimes and branching ratios.
D. Branching ratios and lifetimes in U 2+
In In Table VII , we present results for the other 92 E1 transitions for low-lying levels. In this table, we list lifetimes τ CI+LCC (in ms) and sum of transition rates for 12 odd-parity and even-parity states with J = 4-7. The largest value of the lifetime is about 721 ms for the 5f 3 7s
5 I 6 level with excitation energy equal to 8352 cm −1 . Unfortunately, we did not find any theoretical or experimental results to compare with our A r and τ values for the low-lying states listed in Table VII. We found only one work that reported lifetime measurements of U 2+ [32] , with data given for five levels. The corresponding excitation energies for these levels are in the higher range of 29 000-37 000 cm −1 . In order to compare with the lifetimes listed in Ref. [32] , we made additional calculations of energies and transition rates using the CI+LCC method with larger configuration sets. We evaluated energies for the 30 even-parity states with J = 4 and 5 to reach the required higher-energy levels. Results of our calculations are presented in Table VIII where we list energies and lifetimes in the intervals of energies 28 000-31 000 cm −1 and 30 000-34 000 cm −1 for even-parity states with J = 4 and 5, respectively. As a result, we were able to compare our CI + LCC results with three lifetime values given in Ref. [32] .
Energies of the levels quoted in Ref. [32] were taken from compilation of Ref. [12] . In order to be sure that our identification of levels in Table VIII is correct, we compare also our CI + LCC results with energies from Ref. [12] . Unfortunately, we found only few results, with missing full terms designation and only J being listed.
The theoretical lifetime of 97.5 ns for the the 5f 2 6d 2 level with J = 4 agrees with experiment 104 ± 10 ns within the experimental precision. The difference in corresponding energies is about 1.5%. The theoretical lifetime for the 5f 2 6d7s 5 H 5 level, 162 ns, is also in agreement with the 
